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Abstract
A simple mechanical model is formulated to study the dynamics of rubble-pile asteroids, formed by the gravitational re-accumulation of
fragments after the collisional breakup of a parent body. In this model, a rubble-pile consists of N interacting fragments represented by rigid
ellipsoids, and the equations of motion explicitly incorporate the minimal degrees of freedom necessary to describe the attitude and rotational
state of each fragment. In spite of its simplicity, our numerical examples indicate that the overall behavior of our model is in line with several
known properties of collisional events, like the energy and angular momentum partition during high velocity impacts. Therefore, it may be
considered as a well defined minimal model.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Rubble-pile asteroids are believe to be the outcomes of
the re-accumulation of fragments after the catastrophic disruption of a large asteroid. They would be basically constituted by a cluster of several monolithic bodies, which are
kept together by their mutual gravitational attraction, without any additional cohesive forces between them. Among
several evidences, the actual existence of a large number of
these cohesion-less bodies in the asteroid belt is suggested
by:
(i) the rather low mass densities (∼ 1–2 g cm−3 ) measured on some large asteroids (e.g., Merline et al., 1999;
Veverka et al., 1997; Viateau, 2000; Yeomans et al.,
1997, 1999);
(ii) the notable absence of kilometer-sized and larger bodies with rotational periods shorter than ∼ 2 h (e.g.,
Harris and Burns, 1979; Pravec and Harris, 2000; Weidenschilling, 1981);
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(iii) the unusual observed shapes of some asteroids (e.g.,
Bottke et al., 1999; Kwiatkowski, 1995; Miller et al.,
2002; Thomas et al., 2002);
(iv) the presence of giant craters and grooves on the surfaces of some asteroids recently revealed by the NEAR
Shoemaker probe (e.g., Veverka et al., 1997); and
(v) the existence of small asteroidal satellites and binary
asteroids (e.g., Chapman et al., 1995; Merline et al.,
1999).
Many collisional processes in the Solar System, like the
formation of asteroid families, the tidal disruption of comets
and NEAs, and the formation of asteroid satellites, may involve parent bodies with a rubble pile structure. Thus, the
precise understandings of the collisional dynamics of rubblepiles would give important insight about these processes.
One of the crucial questions about the formation of asteroid
families is how the incident collisional energy is transferred
into the rotational energies of the ejected fragments. The purpose of this paper is to introduce a minimal model to study
such problems. This model aims to describe the macroscopic behavior of different quantities—like energy, angular
momentum, escape velocities and spins—during the course
of the dynamical processes involving rubble-pile asteroids,
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like gravitational re-accumulation, collisional fragmentation
and/or tidal disruption.
Collisional phenomena have played an important role
in Solar System dynamics. There are plenty of observational evidences that collisional impacts have been decisive
to shape the size, spin and orbital distributions in the asteroid belt (e.g., Durda et al., 1998), as well as to sculpt
the surfaces of the inner planets and the jovian satellites.
In the light of such evidence, a big effort has been done
to develop physical models aiming to simulate this kind of
phenomena. These goes from the statistical models describing the collisional evolution of large populations of bodies
(e.g., Wetherill, 1967; Dohnanyi, 1969; Farinella and Davis,
1992), passing through analytical (Petit and Farinella, 1993)
and semi-empirical (Paolicchi et al., 1989) models, to the
precise numerical simulation of binary collisions (e.g., Asphaug and Scheeres, 1999; Benz and Asphaug, 1994; Benz
et al., 1994; Michel et al., 2001, 2002). A similar effort
has also been applied in performing scaled-down laboratory experiments, aiming to analyze the outcomes of high
velocity projectiles impacting small targets of different materials (e.g., Fujiwara and Tsukamoto, 1980, 1981; Giblin et
al., 1994, 1998; Love et al., 1993; Nakamura and Fujiwara,
1991; Ryan and Melosh, 1998).
The physical and dynamical characteristics of the fragments after the catastrophic breakup of a body depends
mainly on the regime in which the collision occurred. For
small targets, catastrophic collisions occur in a regime dominated by the tensile strength of the material, and the probability of pulverizing the target is smaller for smaller bodies
(e.g., Holsapple, 1994; Housen and Holsapple, 1990, 1999;
Ryan, 1992). For large bodies, the collision happens in a
gravity dominated regime, and in this case, the larger the target the higher impact energy that is needed to totally disperse
the fragments (e.g., Benz and Asphaug, 1999; Davis et al.,
1995; Love and Ahrens, 1996; Melosh and Ryan, 1997). The
transition between these two regimes seems occur around
target sizes between 100 m and 1 km (e.g., Benz and Asphaug, 1999; Durda et al., 1998).
Even if Earth-based laboratory experiments allow one to
analyze the possible final states of the fragments after a collision in the tensile strength regime, it is not clear whether
such results can be extrapolated to large scale asteroidal collisions or not (e.g., Ryan, 1992). Therefore, in the case of
collisions among kilometer-sized bodies, the only way to assess the dynamics involved is through the use of physical
models.
Collisional impacts among asteroids can be grouped in
three categories:
(i) cratering events, related to low energy impacts that do
not breakup the target;
(ii) shattering events, that create fractures in the inner structure of the impacted body, and may eventually break it
into several fragments; and

(iii) dispersing events, related to high-energy impacts that
break up the target generating fragments with ejection
velocities larger than the escape velocity from the impacted body.
Simulations of these kind of events have been possible in
recent years thanks to the introduction of hydrodynamic
models, which are mainly based on the Smoothed Particles
Hydrodynamics (SPH) method (Lucy, 1977; Gingold and
Monaghan, 1977). These hydrocodes assume that the colliding bodies are constituted of many thousands of small
particles, and simulate the evolution of these particles according to a given equation of state that involves the tensile
strength and the properties of the material (e.g., Benz and
Asphaug, 1994, 1999; Love and Ahrens, 1996). SPH models have had a great success and might be considered the
state of the art in simulations of collisional impacts. Another important achievement has been the introduction of
very efficient gravitational N -body codes to simulate collisional processes during the accretion of planetesimals, as
well as the tidal disruption of rubble-pile asteroids (Bottke
et al., 1999; Leinhardt and Richardson, 2002; Leinhardt et
al., 2000; Richardson et al., 2000).
In a recent work, Michel et al. (2001) combine the SPH
technique with an N -body gravitational model to study
the outcomes of a breakup event in the gravity dominated
regime. In this model, the hydrocode is used first to impact
a monolithic target and to propagate the fractures, disregarding gravitation. The outcome of this simulation is then
fed into the N -body code (Richardson et al., 2000), which
simulates the subsequent evolution of the system. With this
model, the authors can analyze the different properties of the
resulting fragments, like size distribution, ejection velocity
field, as well as the processes occurring after the breakup,
like gravitational re-accumulation of fragments and formation of satellites.
One of the relevant observables that carries information
about the collisional processes during the formation of asteroidal families is the rotational properties of the fragments.
Due to the nature of the hydrodynamic equations, the SPH
models do not consider explicitly the rotational degrees of
freedom of the fragments. In fact, the fragment’s rotation
appears as a consequence of the collective translational motion of re-accumulated SPH particles (e.g., Asphaug and
Scheeres, 1999). Since this rotation involves an extremely
complex motion of hydrodynamical origin, the SPH models
are not transparent to show how the impact energy is transferred to the fragments’ spins. The same kind of limitation is
present in the direct N -body simulations of rubble-pile dynamics (see Richardson et al., 2003), where the rotational
state of gravitational aggregates is determined by the collective translational motion of their components. Thus, in order
to analyze this problem, it may be more convenient to introduce explicitly in the model the degrees of freedom related
to the attitude and spin of the individual fragments from the
very beginning.
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Motivated by this idea, we introduce a new model based
on a purely mechanical approach, without considering the
thermodynamical properties of the fragments’ material. We
assume that the gravitational re-accumulation has already
taken place, so that we start with a single rubble-pile composed of some tens or hundreds of monolithic fragments,
with a given size distribution. For the sake of simplicity, we
consider these fragments as rigid triaxial ellipsoids, interacting with each other via their gravitational attraction and a
short-range repulsive mutual potential. Then, we obtain the
Lagrangian of the system, expressed in terms of the minimal
degrees of freedom that are necessary to describe the translational and rotational dynamics of each fragment. We expect
that these minimal degrees of freedom were enough to reproduce the basic macroscopic dynamics during the break-up
of a rubble-pile under the effect of collisions or tidal forces.
It should be stressed that, differently from SPH or N -body
simulations, the present model does not intend to provide detailed simulations of a given collisional event, neither in the
gravity nor in the strength regimes. Rather, it intends to provide a general understanding of the macroscopic processes
involved in rubble-pile fragmentation—like energy partition,
angular momentum transfer, ejection velocities, and especially attitude and spin distributions of the fragments—, in
terms of the smallest possible number of degrees of freedom.
This paper is organized as follows: In Section 2 we describe our model in detail. We introduce the interaction potential among the fragments in Section 2.1. The strategy to
propagate the attitude of the fragments is presented in Section 2.2. Dissipative effects are treated in Section 2.4. Section 3 presents some numerical experiments with the model.
The results are analyzed and discussed in Section 4. Finally,
Section 5 is devoted to the conclusions.

where r is referred to a fixed coordinate system, Ri =
Rz (ψi )Rx (θi )Rz (φi ) is a standard rotation matrix, and the
superscript T refers to the transpose.2 The matrix Ei is a
purely diagonal matrix with elements 1/A2i , 1/Bi2 , and 1/Ci2
that characterizes the ellipsoid. The value of ρ0i is chosen
such that

∞
π3
3
d r ρi (r) =
ρ0i Ai Bi Ci .
mi =
(3)
κ3

2. The model

L(r, ϕ, ṙ, ϕ̇) = KT + KR −

Our model is constituted by a set of N interacting rigid
bodies, each of them represented by a triaxial ellipsoid of
mass mi and principal semi-axes Ai  Bi  Ci . The dynamical state of each ellipsoid is determined by its center of mass
position ri = (xi , yi , zi ) and velocity ṙi = (ẋi , ẏi , żi ), and by
the attitude of the ellipsoid ϕ i = (φi , θi , ψi ), where φ, θ, ψ
are the Euler angles,1 and the spin components around the
principal axes of the ellipsoid:


sin θi sin ψi
cos ψi 0
ωi = sin θi cos ψi − sin ψi 0 ϕ̇ i .
(1)
cos θi
0
1
Thus, the whole system has 6N degrees of freedom.
The mass distribution of each ellipsoid is modeled by a
Gaussian


ρi (r) = ρ0i exp −κ(r − ri )T RTi Ei Ri (r − ri ) ,
(2)
1 The Euler angles are defined such that θ represents the obliquity of a

body spinning around its minor axis.

−∞

The constant κ, which determines the width of the distribution, will be fixed later. The use of a Gaussian mass distribution does not have any physical relation with the actual
mass density of an asteroid, which is presumably constant
up to its edges. As we will see later, the mass distribution
is used to define the mutual short-range repulsive interaction
potential between two ellipsoids. Thus, the actual form of
the distribution is not important provided that this interaction
potential is well defined. The simplest choice is a Gaussian
function since it is very easy to manipulate. Moreover, according to this mass distribution, the principal moments of
inertia around the principal axes of the ellipsoid are given by

 2
0
0
Bi + Ci2
mi 

Ii =
(4)
0
Ci2 + A2i
0
2κ
2
2
0
0
Ai + Bi
which, for κ = 5/2, are the same principal moments of inertia of an ellipsoid of constant density. This is relevant for
the estimation of the spin velocities, as we will see in Section 4.3.
2.1. Interaction potential
The evolution of the system is described by the Lagrangian function
N−1

N

Uij ,

(5)

i=1 j =i+1
2
where KT = N
i=1 mi ṙi /2 is the translational kinetic energy,
N
T
KR = i=1 ωi Ii ωi /2 is the rotational kinetic energy, and
Uij is the interaction potential. This latter is given by the
sum of a gravitational attractive term UGij and a contact repulsive term UCij , which avoids the penetration between the
ellipsoids. In our approach, we consider only the gravitational monopole
Gmi mj
,
UGij = −
(6)
|ri − rj |
where G is the gravitational constant, and define
∞
UCij = U0ij
(7)
d3 r ρi (r)ρj (r),
−∞
2 Hereafter, a vector s will be assumed to be a column vector while sT
will represent a row vector. Thus sT s = s · s = s2 is the usual scalar product
and ssT = ss· is a projection matrix.
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where U0ij is a constant to be determined. The potential UCij
is large when the ellipsoids are close by, and rapidly goes to
zero as they get apart. Explicitly we have


UCij = U0ij ρ0i ρ0j exp −κ(ri − rj )T Qij (ri − rj )
∞


×
d3 r exp −κ(r − rij )T (Λi + Λj )(r − rij ) ,
−∞

(8)

where
Λi = RTi Ei Ri ,
rij = (Λi + Λj )−1 (Λi ri + Λj rj ),

(9)

and Qij is the totally symmetric matrix defined by Qij =
Λi (Λi + Λj )−1 Λj = Qj i .
The integral in Eq. (8) can be easily evaluated to get


UCij = U0ij ρ0i ρ0j exp −κ(ri − rj )T Qij (ri − rj )

−1/2
π3
det |Λi + Λj |
.
×
(10)
3
κ
The values of U0ij and κ are determined only once by requiring that
(i) the mutual potential UCij + UGij has a minimum Uijmin
when the ellipsoids’ surfaces are in contact;
(ii) this minimum is of the order of the mutual gravitational
potential, more precisely
f

Uijmin
UGij

that
U0kl ρ0k ρ0l

< 1,

with f

0.

Assuming spherical fragments of radius Ri , Rj , the above
conditions lead to
3
1
> ,
κ=
2(1 − f ) 2
exp(κλij )
Gπ 3/2
U0ij =
(11)
(Ri + Rj )2
,
2
(κλij )5/2
where
λij =

Fig. 1. Interaction potential Uij in dependence of the mutual distance
|ri − rj |. The minimum is approximately located at the point where the
centers of mass of the ellipsoids are separated by a distance Ri + Rj (see
text). The maximum of the potential barrier is about ten times larger than
the kinetic energy of a typical projectile.

(Ri + Rj )2
Ri2 + Rj2

(12)

is such that 1 < λij  2. In the case of ellipsoidal bodies, the
values of κ and U0ij can be still determined by Eqs. (11)–
(12) using the “equivalent radius” Ri = (Ai Bi Ci )1/3 . The
shape of the interaction potential is shown in Fig. 1.
The value of κ (or f ) in Eq. (11) is a free parameter of
the model. An appropriate value of κ may be fixed by requiring that during a high-velocity collision between any pair of
ellipsoids, the kinetic energy of the impacting body is much
smaller than the maximum of the mutual potential barrier
(see Fig. 1). In this way, we avoid penetration between the
bodies. In practice, this is done by considering the pair k, l
having the smallest amplitude in their contact mutual potential (Eq. (10)), and constraining this amplitude in such a way



−1/2
π3
det |Λk + Λl |
= βK,
3
κ

(13)

where K is a prescribed kinetic energy, as large as possible,
and β ∼ 10.
Equation (13) has to be solved for κ using the largest possible value of ml and the smallest possible value of mk . If
we assume spherical bodies and choose K = ml v2 /2—for a
prescribed value of the relative velocity v—, we may write
Eq. (13) as
Rk + Rl
exp(κλkl )
= βv2
,
(14)
κλkl
Gmk
which may be easily solved by Newton’s method. Note that,
since κ > 3/2, the above relation constrains the prescribed
impact velocities to v2 > 0.3Gmk /(Rk + Rl ).
The use of triaxial ellipsoids, and the dependence of the
contact potential on the fragments’ shapes, are essential for
the description of the attitudes and spins of the fragments.
Otherwise no spin–spin interactions would take place and
only the translational degrees of freedom would participate
in the dynamics.3 However, even if the bodies have ellip3 Actually, for two spherical bodies of radius R , R we have
i j



(ri − rj )T Qij (ri − rj ) = (ri − rj )2 / Ri2 + Rj2 ,

3 

det |Λi + Λj | = Ri2 + Rj2 / Ri6 Rj6 ,
and the interaction potential does not depend on the Euler angles.
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soidal shape, the multipole gravitational interactions among
them are neglected for the sake of simplicity. We may argue
that the effects of quadrupole or higher multipole interactions have no appreciable influence on the dynamics during
short time scale collisional processes; thus they may be neglected for the purpose of the present study. On the other
hand, we should expect that multipole interactions play a
significant role on the long term dynamics, contributing to
change the spin rates and tumbling states of the bodies, as
pointed out by Scheeres et al. (2000). Therefore, multipole
interactions should be taken into account for study long time
scale processes like gravitational re-accumulation or tidal
disruption.
2.2. Quaternions
The use of Euler angles to follow the evolution of the
attitude of a rigid body presents a major shortcoming: the
equations of motion become singular when the angle θ , i.e.,
the obliquity of the body, goes to zero. This is because, for
θ = 0, the other angles φ, ψ cannot be determined as independent quantities, since only the sum φ + ψ is defined. This
limitation can be overcome by substituting the Euler angles
with an adequate set of regular variables. These regular variables are known as “quaternions” (Whittaker, 1959).
Quaternions are a set of 4-vectors, q̄ = (q, q), with q being a 3-vector and q a scalar, for which the following binary
products are defined:
q̄1 · q̄2 = q1 · q2 + q1 q2 ,

(15)

q̄1 × q̄2 = (q1 q2 + q2 q1 − q1 × q2 , q1 q2 − q1 · q2 ).

(16)

Under the product Eq. (16) a set of uni-modulus quaternions
(q̄2 = 1) form a group which is isomorphic to the group
SU(2) of rotations in the unit sphere, hence to the group
O(3). Therefore, a set of uni-modulus quaternions can be
used as a representation of the group of 3D rotations. If we
define the quaternion r̄ = (r, 0), the rotation of the vector r
by an angle χ around the unit vector n may be expressed as
r̄ = q̄−1 × r̄ × q̄,

(17)
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and this definition clearly avoids the problem with the indetermination of φ and ψ when θ = 0. Note that we are
substituting the use of three Euler angles by four quaternion’s components satisfying the constraint
q2i = αi2 + βi2 + γi2 + δi2 = 1.

We may now write the rotation matrix Ri appearing in
Eq. (2) in terms of the quaternion’s components. This takes
the form

 2
αi + δi2 − 12 αi βi + γi δi αi γi − βi δi
Ri = 2  αi βi − γi δi βi2 + δi2 − 12 βi γi + αi δi  (21)
αi γi + βi δi βi γi − αi δi γi2 + δi2 − 12
T
and, as expected, R−1
i Ri = Ri Ri = 1. As we see, the rotation matrix is now written in terms of a bilinear form of
the quaternion components. This is another advantage of
the use of quaternions in numerical procedures, since the
attitude of a rigid body is no longer described in terms of
time-consuming trigonometric functions.
Taking the time derivative of Eq. (21) and using the fact
that

qi · q̇i = 0

(22)

we may write the spin of a body (Eq. (1)) as:
 
ωi
= 2Wi q̇i ,
0
where



δi
 −γi
Wi = 
βi
αi

γi
δi
−αi
βi


−αi
−βi 
,
−γi
δi

(24)

T
and again W−1
i Wi = Wi Wi = 1. As a consequence, the rotational kinetic energy of the body takes the form

1
KR = q̇Ti Mi q̇i ,
2

(25)

where Mi = 4WTi Ĩi Wi , and Ĩi is the 4 × 4 diagonal matrix


0
Ii
Ĩi =
(26)
0 Tr(Ii )

2.3. Equations of motion

(18)

With the introduction of the quaternions, the Lagrangian
of the system can be expressed as
N

Hereafter, we will omit the “bars” and will denote the
quaternion associated to the ith ellipsoid simply as qi =
(αi , βi , γi , δi ). The components of qi are defined in terms
of the Euler angles as follows:
φi − ψi
θi
cos
,
2
2
φi + ψi
θi
,
γi = cos sin
2
2

−βi
αi
δi
γi

(23)

obtained from Eq. (4).

where


χ
χ
q̄ = sin n, cos
,
2
2


χ
χ
−1
q̄ = − sin n, cos
.
2
2

αi = sin

(20)

φi − ψi
θi
sin
,
2
2
φi + ψi
θi
δi = cos cos
, (19)
2
2

L(r, q, ṙ, q̇) =
i=1

1
mi ṙ2i +
2

N−1

N

−

N
i=1

1 T
q̇ Mi (qi )q̇i
2 i



UCij |ri − rj |, qi , qj

i=1 j =i+1

βi = sin

N−1

N

−
i=1 j =i+1



UGij |ri − rj | .

(27)

360

F. Roig et al. / Icarus 165 (2003) 355–370

The conjugate momenta are
ui =

∂L
= mi ṙi ,
∂ ṙi

pi =

and substituting Eq. (31) in Eq. (32) we get
∂L
= Mi q̇i ,
∂ q̇i

(28)

and the equations of motion take the form
u̇i =

∂L
,
∂ri

ṗi =

∂L
,
∂qi

(29)

where the symbols ∂/∂ri , ∂/∂qi represent gradients. The
computation of the second members is relatively straightforward.4
Although the use of quaternions avoids the occurrence of
singularities in the equations of motion, they introduce an
additional complication: we have now 7N second-order differential equations to solve instead of the original 6N equations. It is clear that N of these equations can be eliminated
using the constraints Eqs. (20) and (22). However, the direct
elimination of one component of the quaternion is found to
be undesirable, because the remaining equations of motions
become much more complicated, containing non-linear relations among the other three components. Moreover, if we
use only three components of the quaternion, the resulting
equations of motion become always singular at some point,
just like the equations for the Euler angles, hence destroying
the main advantage of the use of quaternions.
In view of this, we will keep all the four components
of the quaternions in our calculations, and will incorporate
the constraints through the method of Lagrange multipliers.
Since the equations for u̇i are not affected by this procedure,
we will concentrate only in the equations for ṗi . The standard procedure is to use Eq. (20) to define the “effective”
Lagrangian
= L −
L

N
i=1


1 2
qi − 1 λi (t),
2

(30)

where the Lagrange multipliers λi are scalar functions of
time. The constraint Eq. (20) leads to
λi (t) = qi ·

∂L
− qi · ṗi .
∂qi

(31)

Therefore, the equations of motion are re-written as
ṗi =

 ∂L
∂L
=
− qi λi (t),
∂qi
∂qi

(32)

4 Note that, to determine ṗ, it is necessary to compute the gradient of
det |Λi + Λj |. This may be obtained from the definition

{1 − qi qi ·}ṗi = {1 − qi qi ·}

∂L
.
∂qi

(33)

The operator {1 − qi qi ·} ≡ q2 − qqT is a “4 × 4-projector”
such that {1 − qi qi ·}qi = 0, which means that, as expected,
the components of qi are not linearly independent.
Since, for a given qi , one component of the vectorial
equation (33) is linearly dependent on the other three, we
need an additional equation to replace it. Combining Eq. (22)
with (28) we have
qi · q̇i ≡ qTi M−1
i pi = 0,

(34)

and taking the time derivative and re-arranging terms, we
arrive to the scalar equation
−1
T −1
T −2
qTi M−1
i ṗi = qi Mi Ṁi Mi pi − pi Mi pi ,

(35)

where Ṁi depends on Ẇi = Ẇ(q̇i ), which is obtained by
taking the time derivative of each coefficient of Wi .
The procedure to advance the differential equations for
a given pi is to discard one component from the vectorial
equation (33) and replace it with Eq. (35). Since Eq. (33)
does not provide any information in the direction of qi , the
best choice would be to replace the component that is precisely in the direction of qi , or at least, the component that
has the largest scalar product with qi . In practice, this can be
done by choosing the component of qi which has the largest
absolute value, and eliminating the equation corresponding
to this component from Eq. (33). As a result, we get the following linear system of equations that has to be solved for
ṗi :




{1 − qi qi ·}∗ ∂L/∂qi
{1 − qi qi ·}∗
ṗi =
,
−1
T −2
qTi M−1
qTi M−1
i
i Ṁi Mi pi − pi Mi pi
(36)
∗
where {1 − qi qi ·} represents the “3 × 4-projector” obtained
from deleting the row of {1 − qi qi ·} corresponding to the
largest component of qi .
It is worth noting that Eqs. (29) and (36) describe the evolution of a conservative system that preserves total energy
and total linear and angular momenta. Conservation of energy implies that the interaction between the ellipsoids occur
in a regime of total elasticity. This is not the case for real
systems, where we should expect that energy dissipates (for
example, in the form of heat) due to mutual collisions and/or
friction. We will see in the next section how we may take
into account these effects.

∂ det |Λ(q)|
det |Λ(q + δq)| − det |Λ(q)|
= lim
.
∂q
δq
δq→0

2.4. Dissipation function

Using the fact that Λ(q + δq)  Λ(q) + ∂Λ
∂q δq, and that det |1 + Λδq| 
1 + Tr(Λ)δq, the result is


∂ det |Λi + Λj |
∂Λi
= det |Λi + Λj | Tr (Λi + Λj )−1
.
∂qi
∂qi

In order to incorporate dissipation of energy in our model
we introduce a dissipation function F (r, q, ṙ, q̇) such that
the equations of motion take the form
u̇i =

∂L ∂F
+
,
∂ri
∂ ṙi

ṗi =

∂L
∂F
− qi λi (t) +
.
∂qi
∂ q̇i

(37)
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We will require that this function be:
(i) bi-quadratic in ṙ and q̇, and
(ii) negative definite.
Under these assumptions, it is straightforward to show that
dH/dt = 2F < 0, where H is the total energy (Hamiltonian)
of the system. F is usually called the “Rayleigh dissipation
function.”
We would also like to introduce the dissipation mechanism among the interacting ellipsoids in such a way that the
dissipation only occurs when their surfaces are in contact,
but it vanishes as soon as they reach a collective rigid body
motion. We start by considering two ellipsoidal bodies, i and
j , that partially overlap each other, and a point of coordinate r lying in the overlapping region. If s(i) represents the
coordinate of this point in the reference system fixed to ellipsoid i (i.e., aligned with its principal axes), we may write
r = ri + RTi s(i) , that is, s(i) = Ri (r − ri ). In the same way,
if s(j ) is the coordinate of the point in the reference system
fixed to ellipsoid j , we have s(j ) = Rj (r − rj ). Now, the velocity of the point in terms of the motion of ellipsoid i is
ṙ(i) = ṙi + ṘTi s(i) ,

(38)

where Ṙi = Ṙ(qi , q̇i ) is obtained by taking the time derivative of each coefficient of Ri . In the same way, in terms of
the motion of ellipsoid j , we have
ṙ(j ) = ṙj + ṘTj s(j )

(39)

and the condition of rigid body motion holds if ṙ(i) = ṙ(j )
for all r.
From the above considerations, a possible choice for the
Rayleigh dissipation function (among others) would be F =
N−1
N
j =i+1 Fij with
i=1
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The coefficient U0ij is given by Eq. (11), while the coefficient F0 may be arbitrarily chosen to achieve the desired
dissipation. A large value of F0 , for example, allows the
perfect sticking of two colliding bodies. In this sense, the
dissipation function also acts as a cohesive force that introduces some sort of mutual strength between the fragments
in the rubble-pile. In practice, we fix F0 ≈ 1. This choice
seemed to be the most appropriate since, in all our examples
of high velocity impacts, the fraction fKE of kinetic energy
that is transferred from the projectile to the fragments is between 1 and 10%, in good agreement with the values found
in the literature, and we are able to reproduce the typical
ejection velocities (∼ 100 m s−1 ) predicted by hydrocodes.
Finally, we can show that the point dissipation function
Eq. (41) only dissipates energy but does not modify other
conservation laws, i.e., the total linear and angular momenta
of the system are preserved (see Appendix A). Notwithstanding, we would like to stress that this is an arbitrary choice
and there is no especial reason to require that a given dissipation function should preserve either linear or angular
momentum. For example, our model is not accounting for
the production of dust at the impact point during a collision,
and we might expect that some fraction of momentum is carried out by this cloud of dust (see Paolicchi et al., 2003).
In this case, neither linear nor angular momentum would be
conserved. However, at variance with kinetic energy, we do
not know how to calibrate this effect, so we prefer to keep
a form of dissipation that preserves linear and angular momentum.

3. Numerical experiments

(41)

We perform a series of numerical experiments of collisional events with high-velocity projectiles impacting
rubble-pile targets. In these calculations, we vary the different parameters of the system like the specific impact energy,
the impact angle and the properties of the target, as explained
in the following.
Each target consists of N monolithic ellipsoidal fragments following a power law cumulative size distribution
∝ D −2.5 . All the fragments have the same shape, with their
principal axes in the ratios Bi /Ai = 0.7 and Ci /Ai = 0.5,
which are the approximate ratios usually inferred from asteroid light curves (e.g., Harris and Burns, 1979). The mean
mass density of the fragments was set to ρ̄ = 3 g cm−3 in all
cases. Recall that ρ̄ is related to the “peak” density in Eq. (2)
through

4
κ3
.
ρ0i = ρ̄i
(42)
3
π

where Λi , Λj and rij are given by Eqs. (9), and  ij is the
anti-symmetric matrix defined by  ij = ṘTi Ri − ṘTj Rj =
− j i . The derivatives of F with respect to ṙi and q̇i are
straightforward.

The fragments are initially oriented and distributed at random, with the largest one being at the center of the rubblepile. We expect that this would be the natural result from a
re-accumulation process, where the largest fragments aggregate first, leaving the smaller ones near the surface of the

∞
Fij = −F0 U0ij


2
d3 r ρi (r)ρj (r) ṙ(i) − ṙ(j ) .

(40)

−∞

We may note that Ṙ is linear in q̇, thus, this choice of Fij
fulfills conditions (i) and (ii), is large only when the ellipsoids are in mutual contact, and vanishes for a collective
rigid body motion. Since F is expressed in terms of the motion of a point, we will refer to it as the “point dissipation
function.” Explicitly, we get:


1  T
Tr  ij (Λi + Λj )−1  ij
Fij = −F0 UCij
2κ
+ ṙi − ṙj + ṘTi Ri (rij − ri )

2
T
− Ṙj Rj (rij − rj )

362

F. Roig et al. / Icarus 165 (2003) 355–370

Table 1
Properties of the different targets used in our numerical experiments
Target
Total mass [1018 kg]
Effective radius [km]
Apparent radius [km]
Effective density [g cm−3 ]
Apparent density [g cm−3 ]
Porosity
Major radius of largest fragment [km]
Equivalent radius of largest fragment [km]
Major radius of smallest fragment [km]
Equivalent radius of smallest fragment [km]

N30
10.03
92.76
107.44
3.00
1.93
0.36
90.51
64.00
22.62
16.00

N100
9.99
92.64
107.43
3.00
1.92
0.36
84.85
60.00
14.14
10.00

Table 2
Properties of the projectiles used in our numerical experiments
N200

Projectile

10.05
92.82
110.10
3.00
1.80
0.40
83.43
59.00
9.89
7.00

Mass [1018 kg]

The effective radius is computed from the sum of the volumes of the individual fragments, while the apparent radius is the average geometric radius
of the target. This latter is computed from the distances between the edges
of the ensemble of fragments along the directions x, y, z. The porosity is
calculated from the definition: 1 − apparent density/effective density .

rubble-pile. To mount such configurations, we use a Montecarlo code that generates a random distribution of fragments
within a given volume. This volume is not much larger than
the sum of the fragments’ volumes, but it is large enough
as to guarantee that initially the ellipsoids are not in mutual
contact. In this configuration, the central ellipsoid is given
an initial spin, Ω, around the z axis in the fixed coordinate
system. The remaining ellipsoids are given an initial velocity in the x, y plane such that they all have the same angular
velocity, Ω, around the center of mass of the system. These
initial conditions are then evolved, including the effect of
dissipation, until the ellipsoids re-accumulate and reach a
collective nearly-rigid body motion. In this way, we end up
with a rubble pile structure close to a figure of equilibrium
and spinning around the z axis with an angular velocity ∼ Ω.
Note that due to the particular setup of the parameters of the
mutual potential Uij (Eq. (11)), the ellipsoids may slightly
overlap between them, but this overlap is just geometrical
and does not affect the dynamics.
We setup different target configurations with N = 30, 100
or 200 fragments, in such a way that all the targets has approximately the same total mass M  1019 kg. The targets
are also initially rotating with periods τ = 4 or 12 h. Table 1
summarizes some properties of the different targets used in
our calculations.
The projectiles are represented by a single ellipsoidal
body, with the same mass density and the same axis ratios
as the target’s fragments. We use three different projectiles,
hereafter named P1, P2, and P3. Each projectile initially
moves in the y, z plane toward the center of mass of the
target with relative velocity |vp | = 5 km s−1 . The trajectory
forms an angle ζ with the rotational axis of the target, that is
set to ζ = 0◦ , 45◦ or 90◦ . The projectiles have initially random attitude and zero spin. Table 2 summarizes some of the
properties of these projectiles.
We may expect that during these high velocity impacts
several fragments in the target were actually shattered and
broken up, while in our numerical examples the different

Major radius [km]
Equivalent radius [km]
Specific energy
of impact [109 erg g−1 ]

P1

P2

P3

0.036
20.00
14.14

0.120
30.00
21.21

0.284
40.00
28.28

0.44

1.49

3.54

The specific energy of the impact is computed as: Q = 0.5mp v2p /M.

fragments are considered unbreakable. In principle, this is
not an intrinsic limitation of the model, because the dissipation function (Eq. (41)) acts as a glue between the fragments.
Thus, the breakup of a single fragment may be described
in terms of the “breakup” of a collection of smaller glued
fragments.5 In this way, we may assume that we are not
propagating the cracks during the impact—the shattering is
already present in the target—, but simply partitioning the
energy and angular momentum among the fragments.
All the examples span 10 000 s. In all cases, the impact
occurs at t  80–100 s. The equations of motion (Eq. (37))
are integrated in double precision using a Bulirsch–Stoer
algorithm (Press et al., 1997). Positions and velocities are
referred to the center of mass of the system. At each step of
the integration, the linear equations (36) are solved through
LU decomposition. The tolerance error for the solution of
Bulirsch–Stoer routine is set to 10−8 –10−9 . This tolerance is
rather small for this kind of integrator, but a more stringent
value substantially increases the computational time. This is
because the step size needs to be very small in order to resolve the motion when the ellipsoids are in mutual contact.
Indeed, when a pair of ellipsoids fall deep into the potential basin of Fig. 1, their mutual distance rapidly oscillates,
with a typical period of a few seconds or even less, and the
step size is drastically reduced by the integrator. This problem disappears as soon as the ellipsoids get apart. A typical
integration of 200 fragments requires about 15 hours of CPU
on a Pentium 4 processor.
Finally, we check in our calculations for the conservation of energy and momenta. When dissipation is turned off,
these quantities are preserved within the tolerance error used
for the Bulirsch–Stoer propagator. With dissipation turned
on, linear and angular momentum are still preserved within
the same precision and, as expected, the energy decreases as
T
H (T ) = H0 + 2 0 F dt.
4. Results
We concentrate our analysis on the behavior of some
quantities that characterize the collisions and allow us to
evaluate the performance of our model. Particular emphasis
5 Of course this approach is limited by the resolution of the model, and
would not be valid if the single fragment is likely to be pulverized.
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is put on the behavior of the energy and angular momentum,
as well as the ejection velocity field. The main capabilities
of the model are especially exploited by analyzing the spin
and attitude distributions of the fragments after the impacts.
From most results we can extract a qualitative tendency
of the observables in the different numerical examples, and
there are also some significant quantitative differences. All
the results we present in the following refer to the dynamical state of the system a few minutes after the impact. In
most cases we do not observe significant variations of these
results over our integration time span. For example, the attitude and spin distributions are basically the same a few
seconds after the impact than a few hours later (see Section 4.3). In our examples, some fragments ended in mutual
escaping trajectories, while others remained bounded (see
Section 4.2). Therefore, we may expect that these fragments
will re-accumulate over the time-scales longer than our integration time span.
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(a)

4.1. Energy partition and angular momentum
Figure 2a shows the energy partition during a typical collision between target N200 and projectile P2. At the moment
of the impact (t  80 s) the projectile loses almost all its
kinetic energy, which is mostly transferred to the kinetic energy of the fragments causing the peak in the dashed curve.
However, during the collision there is a net loss of total energy due to dissipation (Eq. (41)), and a few seconds after the
impact the fragments lose most of the energy they gained.
Even if the final kinetic energy is always larger than the
initial one, it only represents a small fraction of the projectile’s kinetic energy. In all the examples, this fraction is
between 1–5%, in good agreement with the typical limits
of the anelasticity parameter fKE usually found in the literature. Figure 2a also shows that most of the final kinetic
energy goes to the translational motion, while only a small
fraction—between 10–20%—remains in the rotational energy of the fragments. As we already mentioned, in all the
examples the variation of total linear and angular momenta
is within the tolerance error of the propagator (Fig. 2b) during the whole integration time span.
4.2. Ejection velocities
Ejection velocities of the fragments are computed as the
difference between the post-impact velocity (at t = 400 s)
and the pre-impact velocity (at t = 0). Analyzing these ejection velocities in the different examples, we find a systematic
dependence on the number of fragments in the target: the
smaller the number of fragments the smaller the average
ejection velocity. This result is expected since the fragments
from target N30 are larger than those from target N200
(see Table 1). Typical ejection velocities are roughly about
0.01–0.05% of the projectile velocity, but for the smallest
fragments they may range between 0.004–0.2%. In all the
examples, we observe that only small fragments are ejected

(b)
Fig. 2. (a) Energy partition during a collision between target N200 and projectile P2: kinetic energy of projectile (solid line), total—translational +
rotational—kinetic energy of fragments (dashed line), rotational kinetic energy of fragments (dotted-dashed line). All energies are normalized to the
initial value of the projectile’s kinetic energy. The target is initially rotating with a period of 4 h, and the projectile impacts at an angle ζ = 45◦ .
(b) Variation of total angular momentum (solid line) and total linear momentum (dashed line) during the integration time span.

at the impact point, while the largest ones tend to be ejected
at the antipodal point. This effect is more noticeable for impacts onto targets with few fragments.
There is also a systematic dependence of the post-impact
velocity field with the angle of impact. In all cases the field is
aligned with the direction of the impact, but this alignment
is more prominent when the impact occur along the z axis
(recall that the rubble-pile is rotating around this axis). This
is shown in Figs. 3a, 3b for a collision with projectile P2 impacting at an angle ζ = 0◦ . When the impact occurs over the
target’s equator (ζ = 90◦ ), the alignment is not so prominent
and there are more fragments ejected in the direction perpendicular to the impact direction, as shown in Figs. 3c, 3d.
In Fig. 4 we present the distribution of ejection velocities in dependence of the fragments’ size for three different
impact energies. The data may be fit by a power law rela-
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(a)

(b)

(c)

(d)

Fig. 3. Post-impact velocity field (300 s after the impact) in the vx , vy - and vy , vz -planes. Velocities are referred to the barycenter of the target. The results
correspond to target N200, rotating with period of 12 h, and impacted by projectile P2. The dotted circle is the escape velocity limit. (a), (b) Impact with angle
ζ = 0◦ . (c), (d) Impact with angle ζ = 90◦ . The impact direction is indicated by the arrows.

(a)

(b)

(c)

Fig. 4. Ejection velocity vs. fragments’ size (normalized to the size of the parent body), 300 s after the impact. The results correspond to target N200, rotating
with period 4 h, and impacted with an angle ζ = 45◦ by projectile P1 (a), P2 (b), and P3 (c). The dotted horizontal line indicates the ejection velocity limit for
escape the parent body. The solid line is the power law best fit with exponent −0.42 (a), −0.28 (b), and −0.32 (c). The dashed line is the theoretical power
law with exponent −3/2.

Interacting ellipsoids

tionship (solid line), although there is a large dispersion of
ejection velocities especially among the smaller fragments.
In all our numerical examples, the exponent of this power
law is between −0.10 and −0.50. These values are far away
from the −1.5 exponent expected from the hypothesis of
equipartition of kinetic energy (e.g., Cellino et al., 1999).
Actually, this theoretical curve (dashed line) appears to be
the upper boundary of the distributions.
From Fig. 4 it is evident that the collisions with projectile P1 do not generate sufficiently large ejection velocities to escape the parent body,6 and most fragments start
to re-accumulate very soon after disruption. Collisions with
projectile P2 can also lead to the re-accumulation of several fragments, but this happens only over time scales of
several hours. Finally, a large number of fragments is dispersed during collisions with projectile P3 and do not reaccumulate.
In order to estimate the amount of mass dispersed after
the impacts, we compute the post-impact kinetic energy, Ki ,
of each fragment, and assume that the fragment is in escaping trajectory if Ki  |Uibind|, where
Uibind = −
j =i

Gmi mj
|ri − rj |

(43)

is the gravitational binding energy of the fragment. The results for the three different impact energies used in our calculations are shown in Fig. 5. The fraction of mass that
remains bounded after the impact varies almost linearly
with the impact energy Q. The catastrophic threshold, for
which 50% of the target mass is dispersed, is about Q∗D =
2.6 × 109 erg g−1 . This is in good agreement with the values
expected from typical scaling laws in the gravity dominated
regime. For example, the catastrophic threshold estimated by
Benz and Asphaug (1999) is about 2.68–4.49 × 109 erg g−1
for our typical target size. Smaller values are predicted by
Love and Ahrens (1996), 2.1 × 109 erg g−1 , and by Davis et
al. (1995), 1.8 × 109 erg g−1 .
The dispersion observed in the fraction of surviving mass
is somehow related to the initial rotation of the target. For
targets rotating with a period of 4 h, the amount of mass
dispersed after the impact is larger than for those initially
rotating with 12 h period. This may be indicating that the
rotational state of the target, which is not always accounted
for in the SPH simulations, may play a relevant role in constraining the aggregation of fragments after a catastrophic
collision.
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Fig. 5. Fraction of target mass that remains bounded after the impact in
dependence of the specific impact energy Q. The dots are the averages over
all our experiments and the error bars represent the maximum excursions.
The estimates are computed 300 s after the impact. The dotted vertical lines
are the catastrophic threshold estimated by: Davis et al. (1995) (D); Love
and Ahrens (1996) (L); Benz and Asphaug (1999) (B). The solid line is the
best fit 1.04–0.2 × 10−9 Q.

4.3. Spin distribution
Figure 6 shows the histogram of the post-impact intrinsic
spins of the individual fragments. The results are analyzed
300 s after the impact of projectile P2 onto target N200.
We recall that, for most fragments, the pre-impact spins (at
t = 0) are close to zero. The most striking result are the relatively fast spin rates of most fragments, that range from
periods of 2 h to a few of minutes. We may note that these
spin rates are overestimated due to the value of κ used in the
moment of inertia of the ellipsoids. Indeed, for a given parti-

6 The escape velocity is computed according to Petit and Farinella
(1993) as:
2 = 1.64GM/R
vesc
eff

where M and Reff are the total mass and effective radius of the target, and
G is the gravitational constant. This gives a value of ∼ 109 m s−1 for all
targets.

Fig. 6. Histogram of the intrinsic spins, 300 s after the impact of projectile
P2 onto target N200. The impact occurs at an angle ζ = 0◦ . The target is
rotating with 4 h period. The solid curve is the best fit Eq. (44) with n = 1/2.
The dashed curve corresponds to a Maxwellian fit.
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tion of the rotational energy during the impact, the √
resulting
spins should be roughly multiplied by a factor of 5/(2κ)
to account for the fact that the density distribution of the ellipsoids is not uniform. Since in all our examples κ  10,
the above periods should be roughly multiplied by a factor of 2. In any case, most fragments have periods below
the minimum of ∼ 2–4 h allowed for strength-less bodies
(Weidenschilling, 1981), and this is compatible with our assumption of monolithic fragments. We must recall that such
fast rotation rates have only been detected in meter sized
asteroids, while the smallest fragments in our experiments
have a few kilometers. Notwithstanding, there is theoretical
evidence that fast rotation would be possible in large porous
bodies (Holsapple, 2001), and our results are also in agreement with simulations by Asphaug and Scheeres (1999) that
provide very short rotational periods—ranging over two orders of magnitude—for kilometer sized fragments.
Another notable result from Fig. 6 is that the post-impact
spin distribution cannot be fit with a Maxwellian. Indeed,
there is a clear excess of slow and fast rotators with respect
to the Maxwellian distribution. We try different fits by the
function
f (x) = ax n e−x

2 /b2

(44)

assuming different values of n. The fits are done using a
Levenberg–Marquardt algorithm (Press et al., 1997) to find
a and b. The minimum residuals are obtained with n = 0.5
and this best fit is shown by the solid curve in Fig. 6. The
dashed curve represents the Maxwellian fit with n = 2. The
residuals in this case are more than twice or three times the
residuals from the best fit.
We recall that it is usually assumed that a Maxwellian distribution would be the natural end state of any spin-relaxed
population. For example, the distribution of asteroid rotation
rates is approached to a Maxwellian (e.g., Harris and Burns,
1979; Farinella et al., 1981; Binzel et al., 1989; Fulchignoni
et al., 1995). Our best fit with exponent n = 0.5 is in line
with the above idea. It would be indicating that the spins
are highly “thermalized” after the impact, and that any relaxation of the fragments’ spins is achieved over time-scales
much larger than our integration time span. We must bear
in mind that the present state of the model does not allow
to simulate the long term evolution of the spins because the
multipole expansion of the gravitational potential is not accounted for (Scheeres et al., 2000). Moreover, if substantial
re-accumulation takes place, the individual spin of the fragments is no longer relevant.
Figure 7 compares the best fits of the spin distributions
for different impact energies. The fits are normalized such
that
∞


1
f (x) dx = abn+16 (n + 1)/2 = 1,
(45)
2
0

where 6(n) is the gamma function. As expected, the distributions are wider for larger impact energies. However, the

Fig. 7. Best fits of spin distributions, 300 s after the impact, for three different impact energies: with projectile P1 (dotted-dashed line), with projectile
P2 (dashed line), and with projectile P3 (solid line). All examples correspond to target N200, rotating with 12 h period, and impacted at an angle
ζ = 45◦ . The distributions are normalized as explained in the text.

width of the distributions may change significantly over the
integration time span. This happens in the examples with
projectile P1, since most fragments re-accumulate very soon
after the impact and the subsequent dissipation slows their
spins. On the other hand, the spin distributions from the
examples with projectiles P2 and P3 do not significantly
change during the integrations.
The post-impact spins as a function of the fragments’ size
are shown in Fig. 8. In most cases, the fragments have rotational periods larger than the original period of the target.
The data may be fit by a power law, although a large dispersion of spin values is observed among the smallest fragments. Typical values of the power law exponent are in the
range −1.0 to −1.4. These values are smaller than the theoretical exponent −2.5 obtained by assuming equipartition of
rotational kinetic energy. In fact, this latter power law rather
gives the upper limit of the spin distribution at each fragment
size. This situation is similar to the distribution of ejection
velocities, and we may conclude that energy equipartition is
never satisfied during a collision.
Since the acquired spin mostly depends on the moment
of inertia of each fragment, the above results could actually change if we change the shape of the ellipsoids. For
example, we may expect that considering more spherical
fragments the spin distributions would be even narrower
than those of Figs. 6–7, although the power law exponent
would not change significantly. However, additional simulations are needed in order to confirm this idea.
4.4. Tumbling distribution
In order to characterize the tumbling state of each fragment after the impact, we follow Scheeres et al. (1998, 2000)
and introduce the effective moment of inertia, Iieff , defined

Interacting ellipsoids

(a)

(b)
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(c)

Fig. 8. Post-impact intrinsic spins vs. fragments’ size (normalized to the size of the parent body), 300 s after the impact. The results correspond to target N200,
rotating with period 4 h, and impacted at an angle ζ = 45◦ by projectile P1 (a), P2 (b), and P3 (c). The solid line is the power law best fit with exponent −1.09
(a), −1.11 (b), and −1.13 (c). The dashed line is the theoretical power law with exponent −5/2.

Fig. 9. Axis rotation mode vs. fragments size (normalized to the size of the
parent body), 300 s after the impact. The results correspond to target N200,
rotating with period 12 h, and impacted by projectile P2. The projectile
impacted at an angle ζ = 90◦ . Positive and negative values in the vertical
axis correspond to rotation in short-axis mode (SAM) and long-axis mode
(LAM), respectively.

as
|2

|LS,i
,
(46)
2KR,i
where LS,i = Ii ωi is the intrinsic angular momentum of spin
and KR,i = ωTi Ii ωi /2 is the intrinsic rotational kinetic energy, both computed from Eqs. (4) and (23). This parameter
is used to define the axis rotation mode of the fragment.
y
Since Iix  Ii  Iiz , the fragment is in a short-axis rotay
tion mode (SAM) if Ii < Iieff  Iiz or in a long-axis rotation
y
mode (LAM) if Iix  Iieff < Ii .
Figure 9 shows the axis rotation mode of the fragments
a few minutes after the impact, in dependence of their size.
y
The values of Iieff − Ii in the ordinates has been normalized
Iieff =

such that 1 corresponds to a pure SAM, −1 corresponds to a
pure LAM, and 0 corresponds to a pure middle-axis rotation
mode. In all our examples, we find that most fragments after the impact are in a complex tumbling regime, like in this
figure, and they keep this spinning state over the integration
time span. In fact, we should not expect that the tumbling
state of an ellipsoid changes, unless it re-accumulates with
other ellipsoids or the model accounts for the gravitational
multipole. Only in a few cases we detect some fragments in
a nearly pure rotation around one axis. This is in good agreement with the simulations by Asphaug and Scheeres (1999)
which found a full spectrum of rotational states ranging from
nearly pure SAM to nearly pure LAM.
The above results are compatible with the idea that asteroids in a complex rotational state, like 4179 Toutatis, have
been involved in recent collisional events, while the principal axis rotation observed in most asteroids is a consequence
of their collisional and tidal evolution over very long time
scales.

5. Conclusions
The above numerical examples show that our model describes fairly well the basic macroscopic features of the collisional dynamics of rubble-piles impacted by high-velocity
projectiles. The model provides reasonable estimates for the
energy partition and the ejection velocities. The rather fast
spin rates of the resulting fragments and their tumbling states
are in agreement with recent results based on hydrocodes.
We may conclude that the behavior of the different observables predicted by our model is within expected ranges according to the typical impact energies considered.
Our model is based on a pure mechanical approach, expressed in terms of well-defined Lagrangian and dissipation
functions, and has the advantage of being conceptually very
simple. In spite of its simplicity, it has the minimal char-
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∂F
+
δqi ṗi −
∂ q̇i

N

∂L
∂ q̇i

acteristics to model the evolution of the attitude and spin
of individual fragments. At this level, the model can provide an insight of the physical processes underneath the
catastrophic collision of rubble-piles. Therefore, it may be
applied to study some problems of Solar System dynamics,
like the dynamical properties of fragments from recent collisional events (e.g., Nesvorný et al., 2002). Moreover, since
the model is physically well-defined, it can be used as a kind
of benchmark to test whether some ingredient is missing
when the model does not reproduce the expected behavior
of the problem under analysis.
In a forthcoming work we plan to extend the present
study to analyze the long term re-accumulation processes
after breakup events and the possible formation of contact
binaries and satellites. The code may be modified in order
to allow the projectile to be a rubble-pile too, and this could
be applied to study low-velocity impacts, like those arising
during planetesimal accretion (e.g., Leinhardt et al., 2000).
Finally, we intend to incorporate to the model some additional effects, like the gravitational multipole interactions
and the solar or planetary perturbations. We expect that this
will allow us to model the tidal disruption of rubble-piles.

In the case of a pure rotation we get the total angular momentum
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and this condition defines a conservation law of the system.
If F ≡ 0, the quantity
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∂qi
ui +
pi
∂χ
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is a constant of motion. When the change in the coordinates
is a pure translation, L is the total linear momentum of the
system
N

L=

ui .

(A.4)
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(A.5)
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i=1

Consider the dynamics of the system of ellipsoids described by Eqs. (28) and (37). The effective Lagrangian is
given by Eqs. (27) and (30), and the dissipation function is
given by Eq. (41). Suppose that the system has a symmetry,
so that the effective Lagrangian is invariant under the transformation: ri → ri + δri and qi → qi + δqi . In addition,
suppose that this transformation may be expressed in terms
of the variation of a given parameter, χ , as:
δri = δχ

∂ri
,
∂χ

δqi = δχ

∂qi
.
∂χ

(A.1)

The symmetry of the system is represented by the condition

N 

∂L
∂L
∂L
∂L
=
δL
+ δ ṙi
+ δqi
+ δ q̇i
δri
∂ri
∂ ṙi
∂qi
∂ q̇i
i=1
N

=
i=1



∂F
δri u̇i −
+
∂ ṙi

N
i=1

∂L
δ ṙi
∂ ṙi

−γi
δi
αi

δi
γi
−βi

βi
−αi
δi

−αi
−βi
−γi


.

(A.6)

Note, however, that even if F = 0 it is possible to preserve
L provided that
N

Appendix A. Dissipation function with additional
conservation law



1
Ωi =
2

∂ri ∂F ∂qi ∂F
+
∂χ ∂ ṙi
∂χ ∂ q̇i


= 0.

(A.7)

We will now show that the point dissipation function
Eq. (40) fulfills the above condition. For any pair i, j of ellipsoids we have
∞
Fij = −

d3 r ρi (r)ρj (r)v2ij ,

(A.8)

−∞

where vij = ṙi − ṙj + ṘTi s(i) − ṘTj s(j ) , and Eq. (A.7) becomes


∂qk ∂Fij
∂rk ∂Fij
+
∂χ ∂ ṙk
∂χ ∂ q̇k

k=i,j

∞
= −2

d3 r ρi (r)ρj (r)

−∞


×

k=i,j



T
T
∂rk ∂vij
∂qk ∂vij
+
∂χ ∂ ṙk
∂χ ∂ q̇k


vij .

(A.9)

Interacting ellipsoids

But it is straightforward to prove that
∂vTij
∂ ṙi
∂vTij
∂ q̇i

=
=

∂rT
,
∂ri

∂vTij

∂rT

∂vTij

∂qi

,

∂ ṙj
∂ q̇j

=−

∂rT
,
∂rj

=−

∂rT
,
∂qj

where r = ri + RTi s(i) = rj + RTj s(j ) . Therefore


∂rk ∂rT ∂qk ∂rT
∂rT ∂rT
−
=0
=
+
∂χ ∂rk
∂χ ∂qk
∂χ
∂χ

(A.10)

(A.11)

k=i,j

and this condition is satisfied for all the pairs i, j of ellipsoids in the system. This proves that the point dissipation
function preserves the total linear and angular momentum of
the system.
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